N

N
N

HAL

open science

Canal surfaces as Bézier curves using mass points

Lionel Garnier, Jean-Paul Becar, Lucie Druoton

» To cite this version:

Lionel Garnier, Jean-Paul Becar, Lucie Druoton. Canal surfaces as Bézier curves using mass points.
Computer Aided Geometric Design, 2017, 54, pp.15 - 34. 10.1016/j.cagd.2017.04.003 . hal-01562030

HAL Id: hal-01562030
https://u-bourgogne.hal.science /hal-01562030v1
Submitted on 10 Jan 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://u-bourgogne.hal.science/hal-01562030v1
https://hal.archives-ouvertes.fr

Canal surfaces as Bézier curves using mass points

Lionel Garnier **, Jean-Paul Bécar b Lucie Druoton €

3 LE2i, FRE 2005, CNRS, Arts et Métiers, Univ. Bourgogne Franche-Comté, B.P. 47870, 21 078 Dijon Cedex, France
b [AMAV-CGAO, CNRS 2956, Le Mont-Houy, 59313 Valenciennes Cedex 9, France
¢ IMB, UMR CNRS 5584, Univ. Bourgogne Franche-Comté, B.P. 47870, 21 078 Dijon Cedex, France

Abstract :

The paper aims to connect the Bézier curves domain to another known as the Minkowski—Lorentz space
for CAGD purposes. The paper details these connections. It provides new algorithms for surface
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of mass points offers the definition of a semi-conic or a branch of hyperbola in the Euclidean plane.
Moreover, the choice of an adequate non-degenerate indefinite quadratic form makes a non-degenerate
central conic seen as a unit circle. That is not possible in the homogeneous coordinates background.
The rational quadratic Bézier curves using mass points provide the modelling of canal surfaces with
singular points. These are embedded in the Minkowski—-Lorentz space. In that space, these curves are
circular arcs which look like ellipse or hyperbola arcs. In the Minkowski—-Lorentz space, oriented spheres
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Minkowski—Lorentz space, the modelling of any Dupin cyclides patch is completed by a family of
algorithms. Each family depends only on the number of singularities known for the Dupin cyclide part.
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1. Introduction

The paper aims to connect the Bézier curves domain to another known as the Minkowski-Lorentz space for CAGD
purposes. The paper details these connections. It provides new algorithms for surface representations and surfaces joining.
Some G'-blends between canal surfaces illustrate the results with a sketched seahorse.

In the computer aided domain, the rational Bézier curves play an important role for geometric modelling. The second
order curves define a conic arc (Bézier, 1986; De Casteljau, 1985; Garnier, 2007; Bécar, 1997). Such a curve is considered as
the set of barycentres of weighted points. However, some problems occur for the representation of non-bounded parabolic
or hyperbolic arcs. One answer is the use of weighted points and vectors in the same space (Fiorot and Jeannin, 1989).
In that space, any vector is considered as a point with a zero weight. Thus the Bézier curves can be generalized. In the
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second order rational curves, by the use of some homographic parameter changes, all features of conics such as focus and
directrix can be determined (Bécar, 1997; Garnier and Bécar, 2016). The figures of all the rational quadratic Bézier curves
with control mass points are sketched with the pstricks package, see https://[www.ctan.org/pkg/pst-bezier. The 3D figures
are built with an open source software: the Persistence of vision raytracer -POV-Ray- in short (www.povray.org).

Other methods developed by Albrecht (2001), Goldman and Wang (2004), Lee (1985), Sanchez-Reyes (2011) are taking
an Euclidean space as background. Here, we give some constructions of elliptical or hyperbolic arcs which are circle arcs
for a non-Euclidean metric. Other examples of these models, in the space of spheres, can be found in Garnier et al. (2012,
2015), Garnier and Druoton (2013c). Moreover, some researchers use homogeneous coordinates to model a semi-circle
(Versprille, 1975; Piegl and Tiller, 1995; Farin, 1992), but L. Piegl mentions this problem in Piegl and Tiller (1995): “A point

) - . - ; . = =
in projective space is what mathematicians call an equivalence class. This means that Pj (x;j, y;j, zj,0) and Pj* (axj, oy, azj,0)

are two representations of the same point in projective space. However, substituting P; and Fj* into Eq. (7.34) clearly results in two
different curves.” Using mass points, we choose the vector which allows to obtain a semi-circle, this circle can be Euclidean
or not. This vector is defined by using perpendicular conditions and pseudo-metric conditions to determine a Bézier curve
which models a given hyperbola seen as a circle (for the non-degenerate indefinite quadratic form), see section 2.2. The
reader may consult Albrecht et al. (2008) which gives a modern application of conics in the context of curve approximations
and Druoton et al. (2013a), Garnier and Druoton (2013a) where the authors compute the characteristic circles of a Dupin
cyclide modelled in the space of spheres.

The background about the space of the oriented spheres and the Minkowski-Lorentz space can be found in Druoton et
al. (2014, 2013a, 2013b), Dorst et al. (2007), Garnier and Druoton (2013b), Langevin et al. (2014). Just one of these papers
(Druoton et al., 2013b) is a focus on G'-blends between Dupin cyclides using conics and the aim of this paper is to give
conditions to avoid cusps. In Druoton et al. (2013b), a Dupin cyclide is defined by a 2-plane built using a point and two
orthogonal vectors for the Lorentz form. Some calculations provide this reference frame. Then, the parametrization of the
conic depends on its Euclidean type (ellipse or hyperbola) and the bounds of any arc have to be computed. Then, the tangent
vectors must be computed too. The use of Bézier curves permits to have only one parametric set: [0, 1]. Moreover, we do not
have to compute tangent vector, we do not have to determine the type of the plane containing the conic and an iterative
construction of Dupin cyclides blends (see the seahorse) is following. In Foufou and Garnier (2004), using usual rational
quadratic Bézier curves, an iterative construction of the principal circle arcs of Dupin cyclides is proposed to illustrate the
modelling of Eurographics04 Hugo. In our context, the singular points of Dupin cyclides are vectors. In order to obtain the
whole representation of Dupin cyclides, the usual rational quadratic Bézier curves does not match. Thus, the set of the mass
points is introduced to fix this problem and the vectors can be bounds of the conic and then, in the 3d Euclidean affine
space &3, singular points are bounds. Moreover, one of these vectors can be oo Which represents the point at the infinity
of &3. In fact, there is no difference between the point at the infinity of £3 and the points of £;. Then, we can model Dupin
cyclides (degenerate or non-degenerate) or pencils of oriented spheres using conics in the Minkowski-Lorentz space and
the algorithms depend only on the numbers of the singular points and the representation is the same for: a horned Dupin
cyclide, a spindle Dupin cyclide, a spindle torus and a circular cone or a Poncelet pencil of spheres; a circular cylinder,
a horn torus, a singly horned Dupin cyclide and a one-singularity spindle Dupin cyclide; a ring torus, a ring Dupin cyclide
and a pencil of spheres with a base circle. The connection described offers some applications as a proof and the computation
of Dandelin spheres, algorithms for subdivision and iterative construction of joining G! canal surfaces.

This paper is organized as follows: the section 2 deals with semi-circles using rational quadratic Bézier curves in the
set of the mass points. In Section 3, the Minkowski-Lorentz space is defined. This space contains the space of the oriented
spheres and the paraboloid which is isometric with the usual 3D Euclidean affine space. In Section 4, we model a seahorse
as an application of modelling with canal surfaces in the usual Euclidean affine space using rational quadratic Bézier curves
and mass points in the Minkowski-Lorentz space. Moreover, a G! blend of these curves implies a G! blend of these canal
surfaces (Druoton et al., 2013b; Langevin and Solanes, 2011). The last section draws some conclusion and proposes future
works. Appendix A proposes a synthesis about the main results of this paper.

2. Rational quadratic Bézier curves in P

In the following (O; 7 7) designates a direct reference frame in the usual Euclidean affine plane P and 7?) is the set
of vectors of the plane. The set of mass points is defined by

P= (PxR*)U (73‘) X {6)})
On the mass point space, the addition, denoted &, is defined as follows:

c 0£0=> (M) & (N: —) = (@ NM:0);

o Wit (@+ ) £0 = (M; 0)® (N: j1) = (bar {(M; w): (N: ) } o+ M) where bar {(M; w): (N; ) } is the barycentre

of the weighted points (M; w) and (N; u);
o (W:0)@(V:0)= (U +V;0);
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e w# 0= (M;w) ® (_u>; 0) = (Tl-,; (M); a)) where TW is the translation of P of vector W

In the same way, on the space P, we define the multiplication by a scalar, denoted ©, as follows:
e W #0= o O (M;w)=(M; x w)
e w£0=—00 (M; w) = (_0);0)
P%0) (7;0) = (aﬂ); 0)

One can note that (73 ®D, @) is a vector space (Garnier and Bécar, 2016). So, a mass point is a weighted point (M, w)
with w # 0 or a vector (7, 0). The three quadratic Bernstein polynomials defined by

Bo()=(1—0)2, Bi(t) =2t (1—t), Bo(t)=t2, te[0,1] (1)

provide the definition of rational quadratic Bézier curve (BR curve) in P given below.

Definition 1. (Rational quadratic Bézier curve (BR curve) in ﬁ)
Let wp, w1 and w; be three real numbers. N
Let (Po; wg), (P1; w1) and (P3; wy) be three non-collinear mass points in P.
Define two sets

I'={i]|wi#0} and J = {i | w; =0}

Define the function wy as follows

wys: [0;1] — R
t — wf (=) wixBi® (2)
iel

A mass point (M; w) or (7; 0) belongs to the quadratic Bézier curve defined by the three control mass points (Pg; wp),
(P1; w1) and (P3; wp), if there is a real tg in [0; 1] such that:

o if wf (tg) #0 then

— 1 — 1 —
OM = wi Bi (to) OP; | + B (to) P;
s (to) (g Y l) wr (to) ; l l

(3)
w = wry (to)
o if wf (tp) =0 then
— —
T = wiBi(to) OPi+ Y _ Bi(to) P; 4)
iel ie]
Such a curve is denoted BR {(Pg; wp); (P1; w1); (P2; w2)}. O

If J =, this definition leads to the usual rational quadratic Bézier curve.
This kind of curve can model a circular arc as detailed in the next result.

2.1. Modelling Euclidean circular arcs

Theorem 1. Let C be a circle of centre O¢ and of radius R .
Let Pg and P be two points belonging to the circle C.
Let wg and wy be two positive reals.

e If Oy is not the midpoint of the segment [Py P2 ]
Let 11 be the midpoint of the segment [ Po P3].
Define the point P1 as

— — OgPoe 1P
°
I1P1 =t10¢9l7 with t1:M

—
OgPoe Ogly

(5)
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Fig. 1. Two semi-circles defined as BR curves using the second part of Theorem 1. The Bézier curves are drawn using pstricks package.
The BR {(Po; wo) ; (P1; w1); (P2; w2)} is a circular arc iff
—_—
2 2 > >
w] =wg wy cos” | PoPy; PoP; (6)

e If Oy is the midpoint of the segment [ Py P3]
The BR {(Pg; o) : ((FE; 0) - (Py: a)z)} is a semi-circle of C iff

- —

PiePoPy =0

— -, (7)
wo W2 POP2 = 4P]

Proof. See Garnier (2007) for Formulae (5) and (6) and Proposition 5.4.2 of Fiorot and Jeannin (1989). O

To obtain the black curve in Fig. 1, the control mass points of the black curve are (Pg; 1), (Fi 0), and (Py; 1) i.e. the
weights wo and w, are equal to one and it is always possible to obtain this case after a parameter change (Garnier and
Bécar, 2016). The control mass points of the magenta curve are (Po; %) <—%F§; 0), and (Pz; %)

2.2. Circles, pseudo-circles and central conics

. 2 2 . . .
In an orthogonal frame, the hyperbola of equation 2—2 - i)’—z =1 can be seen as a unit circle taking account of the quadratic
2 2 . .. .
form Qy (7) =% _ ¥ where v (x, y). The BR representation of the hyperbola can be chosen similar to the representation
a
seen in Theorem 1. Theorem 2 focuses on that point.

Theorem 2. Let H= BR{(Pg; 1), (P1; w1), (P2; 1)} with w1 > 1.
Define ¢ € {—1; 1}.
The homographic parameter change,

h:R — R
e
u
2
w7 —1 (8)
U +—
1—(1)1
1—u+e¢ u
w? —1

provides the new representation of H= BR {(Qo; 1); (a: O) ;(Qa; —])} where

4



Fig. 2. A hyperbola seen as a circle of centre 0. The curve BR{(Qo;1); (a 0) ; (Q2; —1)}, obtained from the curve BR{(Po;1); (P1; w1); (P2; 1)}, is a

semi-circle. The point Tﬁﬂm (0), image of the point O by the translation of vector a + 0 Qyp, belongs to one of the two asymptotes of the circle.

(Qo; 1) = (Pos 1)

£ e
(Q0) = £ BoPi;0

,/a)%—l

bar | (Po —ZL ) s (pr: 2291 ) (pyy
0 ) 1, s 25
w? -1 w? —1 w? -1

Proof. By the use of Theorem 1 of Garnier and Bécar (2016). O

(Q2; -1

In Fig. 2, the BR curve of control mass points (Qg; 1), (5?;0) and (Qy; —1) is a semi-circle of the unit circle H.
Moreover

. - 1/— —
lim (Qo: Bo (1) @ (B1 (1) Q1: 0) @ (Qz; —B2 (1)) = <§ (0Q0+ Ql)§0>
t— 5

2

The reader can note that Formula (7) is still true given that
— —
1x—1x Qu(QQ;)=—4=4x 2 (Q))

but the result is negative, the point Q1 defined by 0Q1 = a: does not belong to the circle H.
Moreover, the position tangent vectors to the curve BR{(Qp; 1); (6: 0) ; (Q2; —1)} which define the unit circle H of centre

O generate a dual circle H* of centre O and the square of its radius is —1.

The last representation can be considered as a semi-circle of H when the parameter runs in [0; 1], see Fig. 2. These
results are setting the basics of the Minkowski-Lorentz space in order to work with spheres, canal surfaces and Dupin
cyclides.

3. The Minkowski-Lorentz space and the space of spheres A%

—
The Minkowski-Lorentz space Ly 1 is the real vector space of dimension 5. The symmetric bilinear form L4 1 denoted by
a dot product, is defined on the canonical basis (e,, e1,es,e;3, e+) as follows

5
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Fig. 3. Construction of the 3-dimensional paraboloid P isometric to the usual 3-dimensional Euclidean affine space £3. The type of e e_o), ﬁ The

hyperplane 7_-1) is tangent to C;. Each light-like vector n_2> such as n_z) and a; are not collinear, defines a point of £; via the paraboloid P: the point is the
intersection between the line (0; ﬁz)) and the paraboloid P.

e .e;=0ifi#j e .e.=—1ande.e =1 (9)
withie{1,2,3,4+}and je{—,1,2,3,+}.
Let Q41 be the quadratic form associated to L4 1. The affine Minkowski-Lorentz space L4 1 is defined by the point
05=1(0,0,0,0,0) and Lg ;.
A new basis (e_; e—f, ?5, ?3>, eZZ) with ?0) —e — e_:L and e_o)o = % (e_: +Z:) eases to embed the usual 3D Euclidean affine
space &3 in the Minkowski-Lorentz space. The reader will check that ?0) €y =€+ =0 and ?0) o =—1.
The origin point O3 of &3 is obtained by ?o) = 05—02 and the vector e_o)0 represents the point at infinity of &3.

According to Minkowski definitions, any vector e II; such that Qg4 1 (7) is negative, positive or zero is qualified as
a time-like, space-like or light-like vector respectively. In Ly 1, the light cone C; is defined by

— —,
G= [M €lg11Qan (OSM) =0sM =0] (10)

Let P be a point in &3 and P = O3P its position vector. Then, the representation of the point P is the point p or the
position vector E) given by

— — 1 1=2
Ow:?:Z+P+ﬁPH%. (11)
It can be noticed that the point P defined by

05P=0503+O3P=€_0)+T))

belongs to the embedding of &3 in Ly 1. After some calculations, it yields E) . _p> =0 thus the point p representing the point
P in &3 lays on the light cone C;. In fact, the set of these points p defines a 3-dimensional paraboloid P on the hyperplane
defines by the point O3 and the vectors e, e, ?3), e_c,)o. The axis of P is the line defined by O3 and the light-like vector
€ and then, the paraboloid P is isometric to £3. Conversely, the light-like vector ? (X0; X; ¥; Z; Xoo) Tepresents the point

b z
P (—; l; —) of &5 if xp # 0 or the point at infinity of & in the direction of a)o if xo =0, see in Fig. 3.

Xo Xo Xo

In the rest of this paper, M designates a point of £3. Its representation in the Minkowski-Lorentz space is noted m or
m through misuse of language.

3.1. The space of spheres A%

In the Euclidean affine space &3, each sphere S, of centre €2, with a non-negative radius r, defines two oriented spheres
st and s™. The inside space and the outside space of S can be distinguished as follows. If the interior (resp. exterior) of the
sphere is bounded (resp. non-bounded), the radius of the oriented sphere S* (resp. S™) is p =r (resp. p = —r). The sphere
st (resp. sT) is such that the unit normal vector I_\I) at the point M is in the same direction (resp. opposite direction) as
the vector Q_)M It yields for both cases

—
QM=pN (12)

with |p|=r.
In the Minkowski-Lorentz space, the representation of the oriented sphere with centre Q2 and algebraic radius p in &3
is given by Dorst et al. (2007):



6’=%(e‘3+0_352+%<H0_3§H2—p2>e'02). (13)
In the same way, the oriented plane P is defined by the point P and the unit normal vector T\I) by
TT’:T\J)+(1—\J).O—3I>’)¥0:T\J>+(T\J).?>%
and 2= N2=1. Thus, the unit sphere! of Ly

A4=[o~eL4,1|05c;2=1} (14)

is called the space of spheres, representing the oriented spheres and the oriented planes of £;. Planes can be considered as
spheres passing through the point at infinity of &s.

Working in the Minkowski-Lorentz space leads some calculations in a linear form rather quadratic combination in &5 as
detailed in Theorems 3 and 4.

3.2. Decrease of the degree calculations

The first theorem gives, in the Minkowski-Lorentz space, the condition to determine if a point belongs to a sphere or
not.

Theorem 3. (Relative position of a point and a sphere or a plane)
In &3, let S be a sphere of centre Q and of radius p. Let & be the representation of S on A4.
In &3, let ‘P be a plane passing through the point Py, I_\J) one of the two unit normal vector.
Let 7 be the representation of P on A%,
Let P be a point in £3 and ? its representation using the paraboloid P, then:

p 1

i/ . p=xsP_ 1 (QPZ—,OZ):0<:)P€S (15)
2p 20

ii/ ?_?:N)OP—OTJ:(){:}PGP (16)

Proof. Bécar et al. (2016), Garnier and Bécar (2017). O

The Euclidean distance between the point P and the plane P in &3 is equal to the number |7_T) . ? |

The motivation of the choice of light-like vectors (via the paraboloid P) to model the points of & rather than the
embedding of &3 in the Minkowski-Lorentz space is due to the fact that quadratic computations are simplified into linear
calculus in LT] (refer to Formula (15) for example). Moreover, the point p defined by 0—55 = _p) belongs to PN 7H, . where
‘H, 1 is the hyperplane passing through Os with T as gradient: the intersection between P and H,. is the set of points
of the sphere (in &) represented by o. In the rest of this paper, a plane is a sphere with an infinite radius. The second
theorem provides the conditions for the relative positions of two spheres.

Theorem 4. (Relative positions of two spheres)
Let S and Sy be two oriented spheres in E;. Let o and oy, be their representations on A*. Then, three cases arise:

e SN Sy is acircle if and only 1f‘05a . 050y

< 1. Moreover, S and Sy are orthogonal iff

050 .050,=0 (17)

e Sand Sy are tangent if and only if‘Oso . 0s50%| =1

° Sﬂsxzﬂifandonlyif‘Ogga.Oggax >1

Proof. Garnier and Druoton (2013b), Druoton (2013), Dorst et al. (2007), Garnier and Bécar (2017). O

1 Seen as a 4-dimensional one-sheeted hyperboloid.



Fig. 4. A pencil of spheres with a base circle. (a): In £3. (b): A unit circle of cenfre Os, section of A* by a space-like 2-plane.

3.3. One-parameter family of oriented spheres

A one parameter family of oriented spheres is a curve on A*. The d¢rivative spheres can be defined as foll

Definition 2. (Derivative sphere)

Let ¥ be a C! curve, defined on the interval I, on A%. The parametgrisation of the curve satisfies the following ¢onditions:

e the curve is at least C;
e the tangent vectors to the curve are always space-like vector

9 °
The intersection between A* and the line defined by Os And % (6o) is a sphere y (8p) which is orthogonal\to the
sphere y (6p) e.g.
—_—

057 (6) . 05y (60) =0 18)

Moreover, if y (6p) (resp. y (6p)) represents the sphefe é (resp. S), then éﬂs is a circle, called characteristic circle if

models a canal surface. The canal Surface and the sphere y (6p) are tangent along the circle E; N's. So to obtain a G! blen
between two canal surfaces, it is sufficient that, on Af, the two curves have parallel tangent vectors at the common poin
(Druoton et al., 2013b). The use of Bézier curves is vgry interesting for this type of blends.

In Langevin and Walczak (2008), the authors recall that any linear pencil of spheres of £3 with a base circle is represented
in Ly 1 by the section of the quadric A4 by an affing space-like 2-plane P passing through Os, see Fig. 4.

If C is a great circle on the oriented sphere S, And if P is an oriented plane containing the circle C, then, an expression
(on A*) of a sphere which belongs to the pencil ¢f spheres with C as base circle is given by

—_—> e .
Os5yp (0) =cos () Os0y, +sin(0) Os0p

vl

(19)

where 6 € [0,27] and oy, (respectively O'QJI‘
plane P). Moreover

is the representation of the oriented sphere S (respectively the oriented

’ 1
050‘91 . 050‘01 =0

From Formula (19), the derivative sphere yy .(0) of the sphere y; (6) satisfies
_
° .
05 yp (0) =—sin(0) Os0y, +

0s () 050y, (20)

Conics on A* represent pencils of spheres or Dupin cyclide. A Dupin cyclide is a canal surface in two ways. So, the
representation of a Dupin cyclide on /A% is the union of two conics, one is a connected circle, the other is a circle (connected



vector(s). Mass points, section 2, are used in the next section to model curves using both points and vectors.

4. Bézier curves and conics in the Minkowski-Lorentz space

In this section, a seahorse using conic arcs in the Minkowski-Lorentz spase is built. These conic arcs are computed using
rational quadratic Bézier curves. First, the algorithms compute the control pQints and the weights. The seahorse is next
completed.

4.1. Computation of rational quadratic Bézier curves

In this section, the first and last control points can be a point on A% (e.g. an oriente sphere in &) or a light-like vector
(e.g. a point in &3 U {o0}).

4.1.1. Cone of revolution defined by its vertex and a sphere
In &3, a circular cone is defined by spheres and two points: its vertex S and the point at infnity which belongs to every
circular cone. These points, in the Minkowski-Lorentz space, are represented by two light-like vextors nTE and e_o)o. To define
a cone of revolution, it is sufficient to add a sphere S represented by o on A4, see Fig| 5. The Bé2ier curve is a branch of a
circle? and the light-like vectors TF; and (Z)o and the centre of this circle define the asymptotes to this curve.
The first and last control points are (rﬁ 0) and (a)o; O). The intermediate point (2, w1) is compubed using Algorithm 1
as follows. In Minkowski-Lorentz space, the centre 2 of the circle is defined by

-2 —> —>
oQ=ams+Bex

The point Q is the orthogonal projection of Os into the 2-plane P; defined by o, ms and és. The real n
B are thus computed from the following system

05Q.ms = 0

05Q.640 =0

Formula (21) implies

059 =050 +ams +Bem

and the System (22) is equivalent to the system

2 From an Euclidean point of view, the curve is seen as a branch of a hyperbola.

9



—>
056 .5 + B e ms = 0
—
050 e +AMS.t0p =0
The solution («; B) of this system leads to Formula (27).
Then, a point y (t) on the Bézier curve verifies

05y () = o_ss’z+m(30(r> s + By (1) &) (23)

and the last step is the computation of the weight w. To compute w1, t = % implies

—
Osy(=)=—| - + = 052+ -—e 24

The point y (%) belongs to A* iff

N 2
403 = (5 +20 058 +23) (25)
which is equivalent to
40? =4w? 05Q% +2m5 . e0n (26)

Computing in the space of spheres eases the calculations due to simplifications, Formula (26) is obtained from Formula
(25) since

—> —> - T2 — 2
Mme =ex?=ms.05Q=¢e.05Q2=0

So w1 is solution of the Equation (28) and each solution w; leads to a circular cone of vertex S.

Algorithm 1 Construction of a circular cone from a point and a sphere.
Input: A point S and a sphere S where x5 (S) >0

1. Compute the light-like vector nT§ defined by the vertex S
2. Compute the point o on A*, defined by the sphere S
3. Compute the centre 2 of the circle by

= — aa—

— —> O050.6, — Os50.ms —s

O5Q=O5O'7 e —— ms — e —— €oo (27)
ms .« €x ms .«€xo

4, Compute the weight w1, using the following formula
e

5, 1 ms.ex

] = 3T ==,

1—- 0502

(28)

Output: On A*, a rational quadratic Bézier curve with control mass points (nTE 0), (2 w1) and (e_)oo; 0).

The algorithms in this section do not distinguish between non-degenerate Dupin cyclide (Dutta et al., 1993), circular
cylinder, circular cone or torus. They are only based on the number of singular points on the useful part of the surface. If
the vector ey, is replaced by a light-like vector mup, Algorithm 1 provides a spindle or horned Dupin cyclide. Like the union
of the paraboloid with (ZZ is an Alexandroff compactification of &3, it is possible to send the point represented by Moy to
the point at infinity of &3 represented by (Z)O and the Dupin cyclide becomes a cone.

4.1.2. Canal surface defined by a characteristic circle and a point
In this section, a Dupin cyclide is computed under three constraints:

1. a point My which defines the light-like vector rF()):
2. a sphere and its derivative one defining a characteristic circle Cy on the pencil of spheres.

The centre (resp. radius) of the circle is O¢ (resp. rg). The pencil is defined by the sphere of centre Og and of radius
ro and the plane Py containing the circle Co. Let og (resp. 7g) be the representation of Sg (resp. Pg) on A*. The equation
of the pencil is given by Formula (19). Next, the value t; is chosen to start with two orthogonal spheres of this pencil:

10



Algorithm 2 A Dupin cyclide patch defined by a point and two orthogonal spheres.

Input: In &3, a point My and two orthogonal spheres S; and S.l.

1. Compute the light-like vector nTB which represents the point Mg via the paraboloid P
2. Compute the point o1 on A* which represents the sphere S;
3. Compute the point 0.1, on A* which represents the sphere él
4. Compute of the centre 2 of the circle in the plane 7; using Formula (31).
5. Compute of the point P; by
—
— Qo2 —
QP = - — Mo (29)
mp « 201
6. Compute of the weight w1, solution of the following equation
05071« 1My
01
w% __Us01.mo (30)

—>2
20’1 P]

Output: On A4, a rational quadratic Bézier curve ys with control mass points (o1; 1), (P1; w1) and (nTE; 0).

o1 and its derivative sphere 0'1. The whole Dupin cyclide is the curve defined by A4 NP; where P; is the affine plane
—_

generated by the point o7 and the space-like vector 0'1 and the light-like vector imo. The control points of the rational
quadratic Bézier curve in the Minkowski-Lorentz space which model the Dupin cyclide patch in & are given in the following

Algorithm 2.
The centre © of the circle in P; is the orthogonal projection of the centre Os of A% on the plane P;. After some

computations, it yields:

Lemma 1. Let o1 be a point on A4, 0.1 its derivative sphere and rFB a light-like vector.
—

Let P1 be the plane defined by the point o, the space-like vector c;] and the light-like vector M.
Let 2 be the centre of the circle AN Py
Then, 2 is determined by

— - — —

— —_— Os501.mp o Os501.mp —

05Q = 0501 — —= o1+ — 5 Mo (31)
e — °« _
01 .Mg o1 .mp

Sketch of proof. The point Q2 is defined by
ﬁ
—_— —_—> ° —
05Q2=0s501+a01+Bmp
where o and 8 are obtained by solving the following system

—

0sQ.01 =0
01 =15 g (32)

05Q.my = 0

If the control points of the rational quadratic Bézier curve y are three weighted points (op; wp), (P1; @1) and (o3; w»),

and if € is the centre of the circle arc defined by y, then the vectors Q_)ao (resp. Q—>az) and ogPq (resp. o2 P1) are orthogonal.
This result is still true, due to

— —
Qoq1.01P1 =0

0

QP; .My

Moreover, the vectors of 73: orthogonal to Mg are the vectors parallel to mo. Then, the point P belongs to the asymptote,
defined by the point € and the vector mp of this circle and,

—
QP =t;mp

where t; is unknown. This value is obtained from the second orthogonal property
— ——>
QO’] « 01 P] =0

11



and that provides
—_—>
¢ QU12
1= —
TE)) . QO‘]
The last step consists in the computation of the weight w;. The control mass points of the rational quadratic Bézier
— ) . .
curve are (o1; 1), (P1; w1) and (mo; 0), and the expression of the aforementioned curve is

OU(t)—;(B (t)Oa+B(t)n?)
T BoO + B 0 T RO
w1B1 () m

Bo (t) +w1B1 (1)

The weight w; is computed by forcing o (%) to lie on A%

Oal— L (Ocr+2 OP+m)
—|=— w
5 3 1120 501 1051 0

which leads to

oleA“(:)Oa] Oal—l
2 \2) % \2) T

_ _ 2
— (1 +2w1)? = (050'1 +2w105P; +ﬂT()))

which is equivalent to
2 —_ —  _\2
A+ 2w7) =((1+2w1)0501+2w101P1+m0) (33)

Recall that 0507 .01P1 =0, 05012 =1, Mp? = 0 and
— — — >
0501.%2059.1176—{-90'].%:90'1.%

————
=0
on one hand and
— = = T =

— > — —
o1P1.myp=012.myg+ QP1.myp=012.mp
—_———
=0

on the other hand. Formula (33) becomes

0= 40201 P12 +2 (1 + 2w1) 0507 « M + 4wy 01 P; . (34)
which is equivalent to

40201 P12 = —2 0507 . T (35)
and then Formula (30) is obtained. Computing in space of spheres eases the calculations due to simplifications.

4.1.3. Canal surface defined by a characteristic circle and a sphere
This section deals with a characteristic circle C; and a sphere Sy. The circle is defined by two orthogonal spheres Sq

L]
and Si. The representation on A* of these spheres are o, o7 and 6'1 respectively. On A, consider the circle passing
—

through the points o7 and o, such as the tangent vector to this circle at o7 is parallel to 0.1. The centre O¢ of this circle is
defined by

—
—_— — .
0109 =0 0102 + B 01

where o and 8 are unknown. These values are computed by solving the system
—
— o
o1 Oo .01 = 0
—> N
Ogl.o105 =0
where [ is the midpoint of the segment [o102]. Two cases happen:

12



— L]
e The first one when 07,07 .0507 =0
The segment [0107] is a diameter of the circle. The intermediate control point is defined by

~ loor?| <
Pi =0 (37)

The weight w; verifies the relationship

10—>G 2 |o002?| w 32
— 010" = ———— W2 01

4 4
Then, if G702 is positive, the circle is connected and w; = 1, else the circle has two connected components and
wy = —1. The semi-circle is defined by a rational quadratic Bézier curve with control mass points (o7; 1), (Pl; 0) and
(02; W2).

—_— L]
e The second one when 0207 .0507 #0
The resolution of the system (36) leads to

Hz
— 1 0102 —_—
0109 = = 0107
2 \2
—> — o
0102 — | 02 .01
R
ey [y T (38)
_10'10’2 X 0’10'2.050'] -
L]
- = Os0
2 _: 2 501

——>2 -
0102 — | 02 .01

To determine the point P; and the weight w4, it is enough to change the Euclidean product into the Lorentz product in
Formulae given in Garnier (2007). Recall that I; is the midpoint of the segment [o102]. Then

—> >

— —> 0¢01. 110
I1P1 =t109l7 with t]=07 /11]/ (39)
000‘0.0011
and
—_—
’0’0P1 .(T()O’z’
o= (40)

S N
O'0P12 X 0'00'22

the circle arc is modelled by a rational quadratic Bézier curve with control mass points (op; 1), (P1; w1) and (03; 1). To
obtain the other arc of this circle, (P1; w1) is replaced by (P1; —w1).

Now, an example on how to construct a seahorse using rational quadratic Bézier curves in the Minkowski-Lorentz space
is given: in &3, the surfaces are Dupin cyclide patches. Each curve in this space models a canal surface in 3. The G! blends
between two canal surfaces is carried out by the G! blends between these Bézier curves.

The G! blends of curves is simplest using Bézier curves. The middle control points P; defines the tangent to the curve

at og and o5. The derivative sphere 0.0 of o9 is defined by

o _o) 1 —_—
0509 =00 = ——=00P1 (41)
—
P10g?

whereas the derivative sphere 0.2 of 07 is defined by

—_— —
° . —_—
0503 =0y = ——— P10y (42)
E—
P10%?

In fact, in formulae (41) and (42), the direction vectors is irrelevant: the orientations of the derivative spheres would be
opposite but the characteristic circle is the same.

13
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Fig. 7. The first and second steps of the construction of the seahorse. (a): On A%, G! blend of two Bézier curves which define a G' blend of two canal
surfaces composing the seahorse. (b): G! blend of the canal surfaces I’y and I'; obtained in 3.

4.2. G! connections

The constraints which design the tail, the body and the head are the spheres S;, i belongs to [[1; 8], see Fig. 6(a) and
Table 2 in Garnier et al. (2016).

The seahorse tail is obtained by a point My and a circle Cy, see Fig. 6(a) e.g. two orthogonal spheres of the pencil of
spheres of base C, see Fig. 6(b).

In the Minkowski-Lorentz space, the representation of the tail is (Ene by the intersection of A% and the 2-plane defined

by the point oy, the light-like vector mg and the space-like vector a’o which define the Bézier curve yp, see Algorithm 2.

The determination of the BR curve y; defined by oy, a’o and o7 is done using section 4.1.3. Fig. 7(a) shows the first two

steps: the light-like vector ﬁB which represents the point My; the points o and 0'0 on A% which represent the sphere
—

So and its derivative sphere Sp; the space-like tangent vector 0'0 to the Bézier curve yp at the point op; the centre Qg of

the first circle; the control point Py of the curve yp; the asymptote of the circle defined by the point € and the light-like

vector nTE; the sphere o7 on A* which is the second endpoint of the curve y1; the control point Pq of the curve yy; the
two Bézier curves yp and y;.

14



(b)

Fig. 8. The dorsal fin of the seahorse. (a): The circular cone 'y, containing the dorsal fin of the seahorse. (b): The useful part of the previous circular cone.

The joint between yp and y; at the point op is G' and the tangent vectors to the curves yp and y; at og are parallel to
—

the vector o‘o.
Fig. 7(b) shows the G' blend of the two canal surfaces defined by the Bézier curves in the Minkowski-Lorentz space. The
other canal surfaces for the body and for the head are computed in the same way.

Now, the dorsal fin is computed. From the point S (‘TZS 0, %) and the sphere Sy of centre 04 (2,0, 16) of radius ry =2,

the output of Algorithm 1 is a circular cone defined by the Bézier curve y,,, of control mass points (_s); 0). (245 wq) and
(eT).o; O), Fig. 8(a). A point o (t), t € [0; 1], belongs to the curve ygo iff

050 (©) (Bo®F +wyB1 () 059 + B2 1)

_ 1
wgB1 ()

and the radius of the sphere defined by o (t) is computed using the first component (e.g. the component of ?D)), and

1 1 wgB1 () —— Bo (t
- - Bo(t)—L()OSQd-a)o ZL) (43)
p ) wyBy(t) Pd — wqB1 (t)
and the solution of this equation is resulting from Lemma 2.
Lemma 2. : The solution of equation (43) is
L0
to=——— 44
0= 2 wa + po (44)

Proof. Equation (43) can be simplified into

1 _ 1—to
Lo 2wqto

which leads to equation (44). O

The useful part of the circular cone is computed. One of the bound of this cone is the sphere Sy of radius rqy = 2. The
choice of the second is the sphere S, of radius r, = 3. From the radii ry and r,, the parameters ty and t. of the Bézier
curve are computed using Lemma 2 and the solutions are t; ~ 0879 and t, ~ 0.916. The expression of the homography,
Theorem 1 in Garnier and Bécar (2016), is

tq te
— ¢ 1-uw4+—-
h(u) = Y@dB1ta) v JodBi(te)
1 1
- -4 —-—
Vb VT Vama "

and the endpoints of the new Bézier curve are (oy; 1) and (oe; 1). The intermediate control mass point is

(Pe, we) ~ ((0.4000, 1.8333, 0, 6.5667, 55.5333), 1.021)
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Fig. 9. A seahorse modelled by G' blends of canal surfaces, each surface is represented by a rational quadratic Bézier curve in the Minkowski-Lorentz space.
The joints between two Bézier curves are G!. (a): The seahorse without the dorsal fin. (b): The whole seahorse.

Fig. 10. A zoom of a seahorse part to show G' blends of canal surfaces.

To complete the construction of the seahorse, two eyes are added. They are modelled by two spheres of radius %6 the
centres .%; (Og) and .%; (0g) where: .%; designate the translation of vector W the components of U are (—2, % 1); the
components of V are (—2, -3, 1).

The coronet of the seahorse is modelled by an ellipsoid of semi-axes %‘"’ % and %"' The centre of this ellipsoid is
7 % (0).

Fig. 9(a) shows the seahorse without the dorsal fin, the material is the same to show the G! blends. Fig. 10 shows a
zoom of the seahorse to illustrate the G! blends between some canal surfaces. Fig. 9(b) shows the whole seahorse.

5. Conclusion

The paper deals with the use of mass points in order to design conics as quadratic Bézier curves. These curves are
embedded in the Minkowski-Lorentz space. Some elements in that space are presented and used for computer aided design
purposes as the space of oriented spheres, the canal surfaces and Dupin cyclides. The authors propose the algorithms that
ease, in the Minkowski-Lorentz space, the computation of Dupin cyclides patches and their G! connection. A schematic
seahorse built and based from all previous results ends the paper.
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Working with the space of spheres provides a new and easy proof of the famous Dandelin theorem on spheres in a
cone. This work is carried out on the iterative construction of the characteristic circles of Dupin cyclides based on the
subdivision algorithms of Bézier curves. The G! connections in this article shown with a seahorse sketch lead the authors
to the idea that the G connection could be completed with that process after new investigation. An other way is the use of
the Minkowski-Lorentz space and the space of spheres to pair points on a boundary of a planar skeleton of a canal surface.
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Appendix A. Recalls of Minkowski-Lorentz space and space of spheres

A.1. Equivalent representations of elements in &3 and Minkowski-Lorentz space

—>
Type &3 U {00} Lgq or Lg Property
o3|
3
Point ~ Peé&s P=e+0sp+1—1 &2 P2=0
—> 2 —>2
00 €00 €0 =0
— 1 1 2 —

Sphere Centre O5a=; <E.)+?2>+5 <H§H 7p2)e_o)o) 0502=1

Radius p
Plane 7  Normal vector T\J) Osm = I_\I> + (I_\J) ° 73)) e_o; 0s72=1

Point P € P

A.2. Properties of points and spheres
—
Type E3U{oo} Lgqorlsgy  Property
Point P _p) PeS<:>_p>.O5U:O
4 - 5
Sphere s o€ PeP= p .05t =0
Plane P T e At e+ 057 =0
_— ——
Sphere S o1 S1 LSy <= 0501.050,=0
—_— —
#(S1NS) > {1} ‘050‘1 . 050‘2‘ <1
_— ——

Sphere S lop) St and S are tangent <— ‘0501 . 0502‘ =1

— —
51082=®<:>‘050’]-O50‘2’>1

If the orientation of the tangent spheres S; and Sp at P is the same, then

— —
05(71 . 05(72 =1
and
—
O‘]O’z2 =0

and the vectors 070% and ? are parallel. Moreover, the direction of the vector 105 in Lg 1 defines, in &3, the point of
tangency between the spheres S and Sj.

A.3. Dupin cyclides as rational quadratic Bézier curves
A.3.1. A branch of a circle which model a circular cone, a horned Dupin cyclide or a spindle Dupin cyclide

Constraints in &3 and representation in the Minkowski-Lorentz space: two points® Mg = nTE and M, = n_ﬁ of &3 U {00}
and a non-degenerate sphere* s = o, Fig. A.11.

—
3 The representation of the point Mg in &3 is the light-like vector n?o inlgq.
4 The representation of the plane or the sphere S in &3 is the point ¢ on the unit (4-dimensional-)sphere A% in Laq.
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Fig. A11. A semi-circular cone, a horned or spindle Dupin cyclide part bounded by the singular points modelled by a Bézier curve with control mass points.

Fig. A.12. A circular cone part, a horned or spindle Dupin cyclide part bounded by a circle (intersection of two orthogonal spheres) and a point modelled
by a Bézier curve with control mass points.

The centre of the circle is €2, orthogonal projection of O5 onto the plane defined by o, imo and M.

Control mass points of the Bézier curve: (rﬁ)); 0), 2+ and (ﬁ;, 0) and it is possible to use e instead

of n_ﬁ and the vertex of the cone is My = Mg, see Algorithm 1.

A.3.2. An arc of a branch of a circle
Constraints in £3: a point Mg = TFB and two orthogonal spheres S; = o7 and Slz’cﬂ.
—_—
The centre of the circle is 2, orthogonal projection of Os onto the plane defined by o7, ﬁf) and Os c;1.
The intermediate control point P; is defined by:

o2
= QG] —
mo. 90'1
0507 . Mo
Control mass points of the Bézier curve: (o1;1), | P1;+ —L'ZO and (ﬁf); 0), Algorithm 2, and it is possible to
201P1

use g’o instead of n_u)), Fig. A.12.
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(@) (b)

Fig. A13. A Dupin cyclide part without singular points modelled by a Bézier curve with control mass points. (a): A circular cone, a horned or spindle Dupin
cyclide. (b): A ring Dupin cyclide.

A.3.3. An arc of a circle
L]
Constraints in £3: two orthogonal spheres S; = o7 and S1<:>c;1 and a non-degenerate sphere S; = 05.
I

The centre of the circle is Og, orthogonal projection of Os onto the plane defined by o4, n_u)) and Os 0.1. O5 is not the
midpoint I of the segment [0702].
The intermediate control point P; is defined by

Ooo1. 110

g 0011101 >

11P1=ﬁ Ooly
0g0og .« 0¢lq

_— —
O’gP] « 0002

Control mass points of the Bézier curve: (oq; 1), | P1; and (o03; 1), section 4.1.3, Fig. A.13.

s N
0oP12 x 090322
The reader can see an animation on a Dupin cyclide becoming a cone following the link:
http://ufrsciencestech.u-bourgogne.fr/~garnier/publications/refigCD4EN2Cone26.gif.
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